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1 Conditional densities for the non-blocked sampling in the BPQRCRE model

The binary panel quantile regression with correlated random effects (BPQRCRE) model, when stacked
for individual i, can be written in the hierarchical form as follows,

zi = Xiβ + ιTiαi +wiθ +Dτ
√

wiui ∀ i = 1, · · · ,n,

yit =

{
1 ifzit > 0,
0 otherwise,

∀ i = 1, · · · ,n, ; t = 1, · · · ,Ti,

αi ∼ N
(
m′iζ ,σ

2
α

)
, wit ∼ E (1), uit ∼ N (0,1) ,

β ∼ Nk (β0,B0) , σ
2
α ∼ IG

(
c1

2
,
d1

2

)
, ζ ∼ Nk−1 (ζ0,C0) ,

(1)

where the first three lines represent the model and distribution of the mixture variables, and the last line
specifies the prior distribution of the model parameters. All the notations are as described in the paper.
Using the Bayes’s theorem, the complete posterior density is given by,

π(β ,α,z,w,ζ ,σ2
α | y) ∝

{
n
∏
i=1

Ti

∏
t=1

[
I(zit > 0)I(yit = 1)+ I(zit ≤ 0)I(yit = 0)

]}
× exp

[
− 1

2

n
∑

i=1

{
(zi−Xiβ − ιTiαi−wiθ)

′D−2
τ
√

wi
(zi−Xiβ − ιTiαi−wiθ)

}]
× exp

(
−

n
∑

i=1

Ti

∑
t=1

wit

)(
2πσ

2
α

)− n
2 exp

[
− 1

2σ2
α

n
∑

i=1
(αi−m′iζ )

′(αi−m′iζ )
]

× (2π)−
k
2 |B0|−

1
2 exp

[
−1

2
(β −β0)

′B−1
0 (β −β0)

]
(2π)−

k−1
2 |C0|−

1
2

× exp
[
−1

2
(ζ −ζ0)

′C−1
0 (ζ −ζ0)

]
×
(
σ

2
α

)−( c1
2 +1) exp

[
− d1

2σ2
α

]
.

(2)

1.1 Conditional posterior density of β

The conditional posterior density π (β | α,z,w) can be derived from the complete posterior density given
by equation (2) by collecting terms involving β as follows,

π (β | α,z,w) ∝ exp
[
−1

2

n
∑

i=1
(zi−Xiβ − ιTiαi−wiθ)

′D−2
τ
√

wi
(zi−Xiβ − ιTiαi−wiθ)

]
× exp

[
−1

2
(β −β0)

′B−1
0 (β −β0)

]
.

Let Gi = (zi− ιTiαi−wiθ), and consider the expressions in the exponential without the−1/2 term. Then
the quadratic expressions can be opened and regrouped as,

n
∑

i=1
(Gi−Xiβ )

′D−2
τ
√

wi
(Gi−Xiβ )+(β −β0)

′B−1
0 (β −β0)

=
n
∑

i=1
G′iD

−2
τ
√

wi
Gi−2

n
∑

i=1
β
′X ′i D−2

τ
√

wi
Gi +

n
∑

i=1
β
′X ′i D−2

τ
√

wi
Xiβ +β

′B−1
0 β −2β

′B−1
0 β0 +β

′
0B−1

0 β0

= β
′
(

n
∑

i=1
X ′i D−2

τ
√

wi
Xi +B−1

0

)
β −2β

′
(

n
∑

i=1
X ′i D−2

τ
√

wi
Gi +B−1

0 β0

)
+

n
∑

i=1
G′iD

−2
τ
√

wi
Gi +β

′
0B−1

0 β0.
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Our interest lies in the distribution of β , so all terms that do not involve β are absorbed into the propor-
tionality constant. Applying the idea of completing the square to the previous equation we have,

π (β | α,z,w) ∝ exp
[
−1

2

(
β − β̃

)′
B̃−1

(
β − β̃

)]
, where,

B̃−1 =

(
n
∑

i=1
X ′i D−2

τ
√

wi
Xi +B−1

0

)
, and β̃ = B̃

(
n
∑

i=1
X ′i D−2

τ
√

wi
(zi− ιTiαi−wiθ)+B−1

0 β0

)
,

which is recognized as the kernel of a normal distribution. Hence we can write,

β | α,z,w∼ Nk

(
β̃ , B̃

)
,

where B̃−1 =

(
n
∑

i=1
X ′i D−2

τ
√

wi
Xi +B−1

0

)
, and β̃ = B̃

(
n
∑

i=1
X ′i D−2

τ
√

wi
(zi− ιTiαi−wiθ)+B−1

0 β0

)
.

(3)

.

1.2 Conditional posterior density of αi

Similar to β , the conditional posterior density π
(
αi | β ,z,w,σ2

α ,ζ
)

can also be derived from the com-
plete posterior density, given by equation (2), by collecting terms involving αi. This results in the fol-
lowing expression,

π
(
αi | β ,z,w,σ2

α ,ζ
)

∝ exp
[
−1

2
(zi−Xiβ − ιTiαi−wiθ)

′D−2
τ
√

wi
(zi−Xiβ − ιTiαi−wiθ)

]
× exp

[
− 1

2σ2
α

(
αi−m′iζ

)′ (
αi−m′iζ

)]
Let Hi = (zi−Xiβ −wiθ) and consider the expressions in the exponential without the constant −1/2.
Then the expression can be simplified as,

(Hi− ιTiαi)
′D−2

τ
√

wi
(Hi− ιTiαi)+σ

−2
α

(
αi−m′iζ

)′ (
αi−m′iζ

)
= H ′i D

−2
τ
√

wi
Hi−2α

′
i ι
′
Ti

D−2
τ
√

wi
Hi +α

′
i ι
′
Ti

D−2
τ
√

wi
ιTiαi +σ

−2
α α

′
i αi−2σ

−2
α α

′
i m
′
iζ +σ

−2
α ζ

′mix′iζ

= α
′
i

(
ι
′
Ti

D−2
τ
√

wi
ιTi +σ

−2
α

)
αi−2α

′
i

(
ι
′
Ti

D−2
τ
√

wi
ιTi +σ

−2
α m′iζ

)
+H ′i D

−2
τ
√

wi
Hi +σ

−2
α ζ

′mim′iζ .

We are interested in the distribution of αi, so all terms that do not involve αi are absorbed into the
proportionality constant. Applying the idea of completing the square as in the previous equation we
have,

π
(
αi | β ,z,w,σ2

α ,ζ
)

∝ exp
[
−1

2
(αi− ã)′ Ã−1 (αi− ã)

]
, where,

Ã−1 =
(

ι
′
Ti

D−2
τ
√

wi
ιTi +σ

−2
α

)
, and ã = Ã

(
ι
′
Ti

D−2
τ
√

wi
(zi−Xiβ −wiθ)+σ

−2
α m′iζ

)
,

which is the kernel of a normal distribution. Hence, the conditional posterior density of αi is given by,

αi | β ,z,w,σ2
α ,ζ ∼ N

(
ã, Ã
)
,

where Ã−1 =
(

ι ′Ti
D−2

τ
√

wi
ιTi +σ−2

α

)
, and ã = Ã

(
ι ′Ti

D−2
τ
√

wi
(zi−Xiβ −wiθ)+σ−2

α m′iζ
)
.

(4)
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1.3 Conditional posterior density of wit

The conditional posterior density π (wit | β ,αi,zit) can be obtained from the complete posterior density
(equation 2) by collecting terms involving wit . This is done as follows,

π (wit | β ,αi,zit) ∝ w−1/2
it exp

[
−1

2
(
zit − x′itβ −αi−witθ

)′ 1
τ2wit

(
zit − x′itβ −αi−witθ

)]
× exp [−wit ]

∝ w−1/2
it exp

[
−1

2

{
2wit +

(zit − x′itβ −αi−witθ)
2

τ2wit

}]

∝ w−1/2
it exp

[
−1

2

{(
θ 2

τ2 +2
)

wit +
1
τ2

(zit − x′itβ −αi)
2

wit

}]
,

where all terms not involving wit have been absorbed in the proportionality constant. By comparing the
last expression to that of a generalized inverse Gaussian distribution (GIG)1, we have

wit | β ,αi,zit ∼ GIG
(

1
2
, λ̃it , η̃

)
for i = 1, ...,n, and t = 1, ...,Ti,

where λ̃it =

(
zit − x′itβ −αi

τ

)2

, and η̃ =

(
θ 2

τ2 +2
)
.

(5)

1.4 Conditional posterior density of σ2
α

The conditional posterior density π
(
σ2

α | α,ζ
)

is also derived from the complete posterior density (equa-
tion 2) by collecting terms involving σ2

α . This is done as follows,

π
(
σ

2
α | α,ζ

)
∝
(
2πσ

2
α

)− n
2 exp

[
− 1

2σ2
α

n
∑

i=1

(
αi−m′iζ

)′ (
αi−m′iζ

)]
×
(
σ

2
α

)−( c1
2 +1) exp

[
− d1

2σ2
α

]
∝
(
2πσ

2
α

)− (n+c1)
2 +1

exp
[
− 1

2σ2
α

{
d1 +

n
∑

i=1

(
αi−m′iζ

)′ (
αi−m′iζ

)}]
,

which is the kernel of an inverse-gamma distribution (IG) with shape parameter c̃1 = n+c1 and scale pa-

rameter d̃1 = d1 +
n
∑

i=1
(αi−m′iζ )

′ (αi−m′iζ ). Therefore, the conditional posterior density can be written
as,

σ2
α | α,ζ ∼ IG

(
c̃1
2 ,

d̃1
2

)
,

where c̃1 = (n+ c1), and d̃1 = d1 +
n
∑

i=1
(αi−m′iζ )

′ (αi−m′iζ ) .
(6)

1.5 Conditional posterior density of ζ

The conditional posterior density π
(
ζ | α,σ2

α

)
is derived from the complete posterior density (equa-

tion 2). Collecting terms involving ζ we obtain the following expression,

π
(
ζ | α,σ2

α

)
∝ exp

[
− 1

2σ2
α

n
∑

i=1

(
αi−m′iζ

)′ (
αi−m′iζ

)]
× exp

[
−1

2
(ζ −ζ0)

′C−1
0 (ζ −ζ0) .

]
1 The generalized inverse Gaussian distribution GIG(p,a,b) is a three-parameters family of continuous probability distribu-

tions with probability density,

f (x) =
(b/a)p/2

2Kp

(√
ab
)x(p−1) exp

[
−1

2

(a
x
+bx

)]
, x > 0,

where Kp (.) is the modified Bessel function of the second kind, a > 0, b > 0 and p is a real parameter.
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Focusing on the expressions in the exponential but without the −1/2 term, we have,

σ
−2
α

n
∑

i=1

(
αi−m′iζ

)′ (
αi−m′iζ

)
+(ζ −ζ0)

′C−1
0 (ζ −ζ0)

= σ
−2
α

n
∑

i=1
α
′
i αi−2σ

−2
α

n
∑

i=1
ζ
′miαi +σ

−2
α

n
∑

i=1
ζ
′mim′iζ +ζ

′C−1
0 ζ −2ζ

′C−1
0 ζ0 +ζ

′
0C−1

0 ζ0

= ζ
′
(

σ
−2
α

n
∑

i=1
mim′i +C−1

0

)
ζ −2ζ

′
(

σ
−2
α

n
∑

i=1
miαi +C−1

0 ζ0

)
+σ

−2
α

n
∑

i=1
α
′
i αi +ζ

′
0C−1

0 ζ0

The interest lies in the distribution of ζ , so all terms that do not involve ζ are absorbed into the
proportionality constant. Applying the idea of completing the square we have,

π
(
ζ | α,σ2

α

)
∝ exp

[
−1

2

(
ζ − ζ̃

)′
Σ̃
−1
ζ

(
ζ − ζ̃

)]
, where

Σ̃
−1
ζ

=

(
σ
−2
α

n
∑

i=1
mim′i +C−1

0

)
, and ζ̃ = Σ̃ζ

(
σ
−2
α

n
∑

i=1
miα

′
i +C−1

0 ζ0

)
,

which is recognized as the kernel of a normal distribution. Hence, the conditional posterior density is,

ζ | α,σ2
α ∼ Nk−1

(
ζ̃ , Σ̃ζ

)
,

where Σ̃
−1
ζ

=

(
σ−2

α

n
∑

i=1
mim′i +C−1

0

)
, and ζ̃ = Σ̃ζ

(
σ−2

α

n
∑

i=1
miα

′
i +C−1

0 ζ0

)
.

(7)

1.6 Conditional posterior density of zit

The conditional posterior density π (zit | β ,α,w,yit) is obtained by collecting terms involving zit from
the complete posterior density (equation 2) and seen to have the following expression,

π (zit | β ,α,w,yit) ∝ [I (zit > 0) I (yit = 1)+ I (zit ≤ 0) I (yit = 0)]

× exp
[
−1

2
(
zit − x′itβ −αi−witθ

)′ 1
τ2wit

(
zit − x′itβ −αi−witθ

)]
∝ [I (zit > 0) I (yit = 1)+ I (zit ≤ 0) I (yit = 0)]φ

(
zit |x′itβ +αi +witθ ,τ

2wit
)
,

where the notation φ (x|µ,Σ) denotes the probability density function of a normal distribution with
mean µ and variance Σ . Note that the observations are conditionally independent, so we can draw each
zit independently of each other. Consequently, we have,

π (zit | β ,α,w,yit) ∝ I (zit ≤ 0)φ
(
zit |x′itβ +αi +witθ ,τ

2wit
)

if yit = 0,

π (zit | β ,α,w,yit) ∝ I (zit > 0)φ
(
zit |x′itβ +αi +witθ ,τ

2wit
)

if yit = 1,

which implies that we can draw zit as follows,

zit | β ,α,w,yit ∼

{
T N(−∞,0]

(
x′itβ +αi +witθ ,τ

2wit
)

if yit = 0,

T N(0,∞)

(
x′itβ +αi +witθ ,τ

2wit
)

if yit = 1,
(8)

where T N[a,b]
(
µ,σ2

)
denotes a normal distribution truncated to the interval [a,b] with mean µ and

variance σ2.
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2 Conditional densities for the blocked sampling in the BPQRCRE model

2.1 Joint posterior conditional density of (β ,zit)

The Gibbs sampler presented in Section 1 is straightforward, however, there is a potential for poor
mixing due to correlation between (β , αi) and (zi, αi). This correlation arises because the variables
corresponding to the parameters in αi are often a subset of those in x′it . Thus, by conditioning these
items on one another, the mixing of the Markov chain will be slow.

To avoid this issue, we present an alternative algorithm which jointly samples (β , zi) in one block
within the Gibbs sampler. In particular, β is sampled marginally of αi from a multivariate normal distri-
bution. Thereafter, the latent variable zi is sampled marginally of αi from a truncated multivariate normal
distribution.

2.1.1 Conditional posterior density of β

First, we derive the conditional posterior density of β , marginalized over the random effects αi. Since
αi ∼N

(
m′iζ ,σ

2
α

)
, we can write αi = m′iζ +ξi with ξi ∼N

(
0,σ2

α

)
. Therefore, the model can be rewritten

as follows,

zi = Xiβ + ιTiαi +wiθ +Dτ
√

wiui, ∀ i = 1, ...,n,

= Xiβ + ιTim
′
iζ +wiθ + vi,

where vi = ιTiξi +Dτ
√

wiui. Given the properties of the components that constitutes νi, we have E(νi) =
0Ti . The covariance can be derived to have the following expression,

Cov(νi) = E
[
viv′i
]
= E

[
ιTiξiξ

′
i ι
′
Ti
+Dτ

√
wiuiu′iDτ

√
wi

]
= σ

2
α ιTiι

′
Ti
+D−2

τ
√

wi
= σ

2
αJTi +D−2

τ
√

wi
= Ωi.

where JTi = ιTiι
′
Ti

. The conditional posterior density π
(
β | z,w,σ2

α ,ζ
)
, marginally of α , has the expres-

sion,

π
(
β | z,w,σ2

α

)
∝ exp

[
−1

2

n
∑

i=1

(
zi−Xiβ − ιTim

′
iζ −wiθ

)′
Ω
−1
i

(
zi−Xiβ − ιTim

′
iζ −wiθ

)]
× exp

[
−1

2
(β −β0)

′B−1
0 (β −β0)

]
.

Similar to Section 1.1, we open the quadratic expressions and collect the terms involving β to complete
a square. This yields the following,

π
(
β | z,w,σ2

α ,ζ
)

∝ exp
[
−1

2

(
β − β̃

)′
B̃−1

(
β − β̃

)]
where B̃−1 =

(
n
∑

i=1
X ′i Ω

−1
i Xi +B−1

0

)
, and β̃ = B̃

(
n
∑

i=1
X ′i Ω

−1
i (zi− ιTim

′
iζ −wiθ)+B−1

0 β0

)
,

which is clearly the kernel of a normal distribution. Hence, the conditional posterior density is,

β | z,w,σ2
α ,ζ ∼ Nk

(
β̃ , B̃

)
where B̃−1 =

(
n
∑

i=1
X ′i Ω

−1
i Xi +B−1

0

)
, and β̃ = B̃

(
n
∑

i=1
X ′i Ω

−1
i (zi− ιTim

′
iζ −wiθ)+B−1

0 β0

)
.

(9)
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2.1.2 Conditional posterior density of zi

The conditional posterior density of the latent variable z, marginally of α , has the following expression,

π
(
z | β ,z,w,ζ ,σ2

α ,y
)

∝
n
∏
i=1

{
Ti

∏
t=1

[I (zit > 0) I (yit = 1)+ I (zit ≤ 0) I (yit = 0)]
}

× exp
[
−1

2
(
zi−Xiβ − ιTim

′
iζ −wiθ

)′
Ω
−1
i

(
zi−Xiβ − ιTim

′
iζ −wiθ

)]
.

The above expression is recognized as the kernel of a truncated multivariate normal (TMVN) distribu-
tion. Hence, we can write,

zi | β ,wi,ζ ,σ
2
α ,yi ∼ T MV NBi

(
Xiβ + ιTim

′
iζ +wiθ ,Ωi

)
∀ i = 1, · · · ,n,

where Bi = (Bi1×Bi2× ...×BiTi) and Bit is the interval (0,∞) if yit = 1 and the interval (−∞,0] if yit = 0.
Sampling directly from a T MV N is not possible, hence, as in Rahman and Vossmeyer (2019), we resort
to the method proposed in Geweke (1991, 2005), which utilizes Gibbs sampling to make draws from a
T MV N.

We apply the theorem on the conditional multivariate normal distribution (see Geweke (2005) p.171)2

on full conditional f (zit | zi,−t) = f
(
zit | zi1, ...,zi(t−1),zi(t+1), ...,ziTi

)
which we denote as t | −t. This re-

sults in:(
zit

zi,−t

)
∼ N (µ,Σ) , where µ =

(
x′itβ +m′iζ +witθ

(Xiβ + ιTim
′
iζ +wiθ)−t

)
, and Σ =

[
Σt,t Σt,−t

Σ−t,t Σ−t,−t

]
,

where (Xiβ + ιTim
′
iζ +wiθ)−t is a column vector with t-th element removed. Σt,t denotes the (t, t)-th

element of Ωi, Σt,−t denotes the t-th row of Ωi with element in the t-th column removed and Σ−t,−t is
the Ωi matrix with t-th row and t-th column removed. Then, the distribution of zit conditional on zi,−t is
normal with conditional mean and conditional variance equal to,

µt|−t = x′itβ +m′iζ +witθ +Σt,−tΣ
−1
−t,−t

(
zi,−t −

(
Xiβ + ιTim

′
iζ +wiθ

)
−t

)
,

Σt|−t = Σt,t −Σt,−tΣ
−1
−t,−tΣ−t,t .

We can then construct a Markov chain which continuously draws from f (zit | zi,−t) subject to the
bound (0,∞) if yit = 1 or (−∞,0] if yit = 0. This is done by sampling zi at the j-th pass of the MCMC
iteration using a series of conditional posterior distributions as follows:

z j
it | z

j
i1, ...,z

j
i(t−1),z

j
i(t+1), ...,z

j
iTi
∼ T NBit

(
µt|−t ,Σt|−t

)
, for t = 1, · · · ,Ti, (10)

where T N denotes a truncated normal distribution. The terms µt|−t and Σt|−t are the conditional mean

and variance defined above and zi,−t at the j−th pass is z j
i,−t =

(
z j

i1, ...,z
j
i(t−1),z

j−1
i(t+1), ...,z

j−1
iTi

)′
.

2.2 Other conditional posterior densities

The derivations for the conditional posterior densities of αi, wit , σ2
α and ζ remains unaltered as pre-

sented earlier from Section 1.2 to Section 1.5. For the sake of completion, we present the conditional

2 Let
(

x
y

)
∼N (µ,Σ) with µ =

(
µx
µy

)
and Σ =

[
Σxx Σxy
Σyx Σyy

]
, then the distribution of y conditional on x is normal N

(
µy.x,Σy.x

)
with µy.x = µy +ΣyxΣ−1

xx (x−µ) and Σy.x = Σyy−ΣyxΣ−1
xx Σxy.
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distributions below once more.

αi | β ,z,w,σ2
α ,ζ ∼ N

(
ã, Ã
)
, for i = 1, · · · ,n,

where Ã−1 =
(

ι ′Ti
D−2

τ
√

wi
ιTi +σ−2

α

)
, and ã = Ã

(
ι ′Ti

D−2
τ
√

wi
(zi−Xiβ −wiθ)+σ−2

α m′iζ
)
.

(11)

wit | β ,αi,zit ∼ GIG
(

1
2 , λ̃it , η̃

)
, for i = 1, · · · ,n, and t = 1, · · · ,Ti,

where λ̃it =
(

zit−x′it β−αi
τ

)2
, and η̃ =

(
θ 2

τ2 +2
)
.

(12)

σ2
α | α,ζ ∼ IG

(
c̃1
2 ,

d̃1
2

)
,

where c̃1 = (n+ c1), and d̃1 = d1 +
n
∑

i=1
(αi−m′iζ )

′ (αi−m′iζ ) .
(13)

ζ | α,σ2
α ∼ Nk−1

(
ζ̃ , Σ̃ζ

)
,

where Σ̃
−1
ζ

=

(
σ−2

α

n
∑

i=1
mim′i +C−1

0

)
, andζ̃ = Σ̃ζ

(
σ−2

α

n
∑

i=1
miα

′
i +C−1

0 ζ0

)
.

(14)
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