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1 Conditional densities for the non-blocked sampling in the BPQRCRE model

The binary panel quantile regression with correlated random effects (BPQRCRE) model, when stacked
for individual i, can be written in the hierarchical form as follows,

zi = Xiff + 17,04 +w;0 + Dy _sut; Vi=1,-.n,

. 1 ifZi[>0, . L .
ylt{Ootherwise, Vi=1l,-nst=1,-T, "
aiNN(m;C,Gg‘), WitNC’ga( ) uiz'\‘N(O,l),

c1 di
B ~ Ni(Bo,Bo) ~IG| S ¢ ~Neet (60,Co).,

where the first three lines represent the model and distribution of the mixture variables, and the last line
specifies the prior distribution of the model parameters. All the notations are as described in the paper.
Using the Bayes’s theorem, the complete posterior density is given by,

n(B,0,z,w,{,62 | y) o< { i[ f[ [ (zie >0 (yie = 1) +1(zi < 0)(yyr = 0)} }
X exp [— ;i); {(zi—Xiﬁ — 17,06 —w;0)'D \zﬁ( -XiB— lT,-OCi—wiG)}]

n T; n
cop (= £ £ wi ) (2m02) Fewp | - 5o £ (o6 m0) (060 @

i=1t=1
<)t sl e |5 (B BBy (B —ﬁo>] n)F ool
cexp | =5 (€= 0)'Gy" (€| x (o) ewp | -2 .
1.1 Conditional posterior density of 3

The conditional posterior density 7 (B | @,z,w) can be derived from the complete posterior density given
by equation (2) by collecting terms involving f3 as follows,

1 n _
(B | a,z,w) < exp [2 X (zi = XiP — 11,0 —wi0)' D 50 (zi — XiPf — 11,0 — wi6)
P

X exp [_; (B—PBo) By (B—Bo)| -

Let G; = (z; — 110 — w;0), and consider the expressions in the exponential without the —1/2 term. Then
the quadratic expressions can be opened and regrouped as,

ek

(Gi—XiB) Df_\zﬁ(Gi—Xiﬁ) +(B—Po)' By (B Po)

n
X GiD,>Gi—2 z B'X/D. % Gi+ z B'X/D. %X+ B'By' B—2B'By" Bo+ BBy ' Bo

B’ ZXD > Xi+ By >[3—2B’<):XD *5Gi+ By 1/30>+ZG§DT\2FG + B{By ' Bo-
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Our interest lies in the distribution of 3, so all terms that do not involve f3 are absorbed into the propor-
tionality constant. Applying the idea of completing the square to the previous equation we have,

<ﬁ|azw)«exp[—(ﬁ B) 5 (p5)|. wher

<ZXD_2 X—I—B >, and ﬁ <ZXD_2 (i—lnaj—wie)—l—Balﬁ()),
which is recognized as the kernel of a normal distribution. Hence we can write,

Blazwn~Ne(B.B).
_ (3)
where B! = (ZX’D 2 oXi+ By > andB=B<):XDf( — 13,04 — 9)+Bolﬁo>-

1.2 Conditional posterior density of ¢

Similar to f8, the conditional posterior density 7 (¢ | B,z,w,04,) can also be derived from the com-
plete posterior density, given by equation (2), by collecting terms involving ¢;. This results in the fol-
lowing expression,

(Oll|ﬁ ZWO'a,C)OCeXp |:—1( XB lTiOC,'—WiO) D_2 ( XB l];.Ot,'—W,'G)
<o | 353 (i) (i)

Let H; = (z; — X;3 —w;0) and consider the expressions in the exponential without the constant —1/2.
Then the expression can be simplified as,

(H; = 15,00)' D (Hy = 15,06) + 657 (04 —mig ) (04— i)
= H’D‘\zﬁH 20§13.D7 o Hi+ 015D T 0 + O 0 0 — 205, o + 0 i
(lTDT\FlT +0, ) a; —2a; <1TD STt Oy *r] C) +H!D_? Hi+0g 2w .
We are interested in the distribution of «;, so all terms that do not involve ¢; are absorbed into the

proportionality constant. Applying the idea of completing the square as in the previous equation we
have,

(0| Byz,w,05,8) o< exp [—( —a) Al ( i—&)} , where,
A7l = (lTDT\ﬁlT + 04 ) ,and a=A (lTDr\ﬁ( —Xip—wi0)+ 6072%;{) ,
which is the kernel of a normal distribution. Hence, the conditional posterior density of ¢; is given by,
a | Bz, w, 62,6 ~N (5,2{) :

- ~ “4)
where A~ = ( 1.D r\ﬁlT +0, ) ,and a=A (l/T,-D;\Z/W,- (zi—X;B —w;0) +G(;2m§§) )
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1.3 Conditional posterior density of w;

The conditional posterior density 7 (w;, | B, 04, z;;) can be obtained from the complete posterior density
(equation 2) by collecting terms involving w;,. This is done as follows,
2 1 1
T (wir | B, 0, zit) o< w;, ' “exp 5 (Zit X B — o —wy ) o (Zit X — o —wis ) X exp [—wi]

it

_ [ . o —
o Witl/zexp 3 {ZWit-i- (zi = ltﬁ’c th Wit ) }]
1

~1/2 [ 1 6?2 (Zzt ﬁ al)
X Wy exp —5 { <1‘2 +2> Wit + :Vlt s

where all terms not involving w;; have been absorbed in the proportionality constant. By comparing the
last expression to that of a generalized inverse Gaussian distribution (G/ G)', we have

wir | B, @i, zie ~ GIG (2,%,,77) fori=1,...,n,andt =1,...,T;,

/ 2 2
= — B — o T
T T

1.4 Conditional posterior density of 62

)

The conditional posterior density 7 (G& |l a, & ) is also derived from the complete posterior density (equa-
tion 2) by collecting terms involving 6. This is done as follows,

n 1 =n ot _, B %1 d
7 (o | @.¢) =< (2m0g) *exp [_26(%1; (0 —m;8) (O‘i—miC)} x (o) ( +])eXP [—%;026}
(n+cy)

o<(27wé)7 2 +1exp{ 212{d1+2( /C)/(Oli—m%)H’

which is the kernel of an inverse-gamma distribution (/G) with shape parameter ¢; = n+ ¢ and scale pa-

~ n
rameterd; =d; + Y, (o, —m.§ Y (o4 — m.(). Therefore, the conditional posterior density can be written
=1
as, B
o%|a.¢~1G(%.%).

N - n (6)
where ¢; = (n+cy), and dy =d; + ¥, (ai—mgg)’(ai—mgg).
i=1

1.5 Conditional posterior density of

The conditional posterior density 7 (C | o, Gé) is derived from the complete posterior density (equa-
tion 2). Collecting terms involving { we obtain the following expression,

P(C10.02) wexp | 5o £ (ar-mid) (o6 L) | xewp| 5 (€~ )G (€~ o).

o i=1

! The generalized inverse Gaussian distribution GIG(p, a, b) is a three-parameters family of continuous probability distribu-
tions with probability density,

/2
%x@l)exp {—% (g—o—bx)} , x>0,

where K, (.) is the modified Bessel function of the second kind, a > 0, b > 0 and p is a real parameter.
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Focusing on the expressions in the exponential but without the —1/2 term, we have,

0 X (0 —mig) (o4 L) + (£~ ) G5 (£~ )
=0,° fl ajo;—20,° _i {'mio+0,° _i S'mimi§ +¢'Cy ' —28'C o+ 6Cy ' o

i 2 el 1 =2 % —1 2% 11
1= =

The interest lies in the distribution of {, so all terms that do not involve { are absorbed into the
proportionality constant. Applying the idea of completing the square we have,

7 (| a,0Z) = exp [—; (C—E)/fgl (C—E)} : where

-1 S R s _ 5 R P |
Lo = <Goc Zl im; +Cy > , and {=2X <Goc ,Zlmiai +Co C0>,
1= =
which is recognized as the kernel of a normal distribution. Hence, the conditional posterior density is,

§|a,05~ Ny <E,§§) :

~ n ~ ~ n
where Zgl = <G(;2 'Zlmimg%—CO_l) , and § =X (ng ,ZlmiaHCo‘lCo) .
= =

(N

1.6 Conditional posterior density of z;

The conditional posterior density 7 (z; | B, ¢, w,y;) is obtained by collecting terms involving z; from
the complete posterior density (equation 2) and seen to have the following expression,

7t (zie | B,ot,w,yir) o< [I(zi > 0)1 (yir = 1) +1(zi <0)I(yir =0)]

1 1
X exXp ) (Zit —x;B— o _Wite)/ I

i

o< [I(zi > 0)I(yir =1)+1(zir <0)I(yy =0)] ¢ (Zit ’x;,ﬁ + OC,'—G—W,',Q,TZWZ';) )

(zie — X, B — 04 — wir6)

where the notation ¢ (x|, X) denotes the probability density function of a normal distribution with
mean U and variance X. Note that the observations are conditionally independent, so we can draw each
zi; independently of each other. Consequently, we have,

7 (zie | B, 0t wyyir) o< I (zir < 0) @ (2| B+ i +wir0,T°wye)  if yie =0,
7 (zie | By, w,yir) o< I(zi > 0) ¢ (Zit|x§tﬁ +OC,'+W,'t9,T2W,'t) ify, =1,
which implies that we can draw z;; as follows,

TN(fw:O} ('xgtﬁ + (04 + Wite, TZW;';) lf Vit = O’

) )]
TN((),OQ) (x;,B + 0 +w;; 0, 752Wit) if y;, =1,

Zit ‘ ﬁ7a7wayit ~ {

where TN, (u,cz) denotes a normal distribution truncated to the interval [a,b] with mean p and
variance o2.
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2 Conditional densities for the blocked sampling in the BPQRCRE model
2.1 Joint posterior conditional density of (f,z;)

The Gibbs sampler presented in Section 1 is straightforward, however, there is a potential for poor
mixing due to correlation between (3, o) and (z;, ;). This correlation arises because the variables
corresponding to the parameters in ¢ are often a subset of those in x},. Thus, by conditioning these
items on one another, the mixing of the Markov chain will be slow.

To avoid this issue, we present an alternative algorithm which jointly samples (3, z;) in one block
within the Gibbs sampler. In particular, 8 is sampled marginally of ; from a multivariate normal distri-
bution. Thereafter, the latent variable z; is sampled marginally of ¢; from a truncated multivariate normal
distribution.

2.1.1 Conditional posterior density of B

First, we derive the conditional posterior density of 8, marginalized over the random effects o;. Since
a; ~N (M}, 04), we can write o; =i, + & with & ~ N (0,03). Therefore, the model can be rewritten
as follows,

Zi:X[ﬁ+lnai+W[0+DT\/v7iui7 Vi=1,..,n,
= Xip + 1;m;§ +wib + v,

where v; = 17.5; + D, N Given the properties of the components that constitutes v;, we have E(Vv;) =
07,. The covariance can be derived to have the following expression,

Cov(Vi) = E [vvi] = E [15;§i&/17, + Dy swuiti; Dz ;]
= Oy, + D = Ot + D Uy = Qi
where J7, = 17, l}i. The conditional posterior density 7 (ﬁ | z,w,62,¢ ), marginally of «, has the expres-
sion,

7 (B | z,w,0p) o< exp [—; i (zi— XiB — 1S —wi0) @ (zi — XiB — 1} — w;)

i=1

1 -
X exp [—2 (B—Bo)'By' (B- [30)] :
Similar to Section 1.1, we open the quadratic expressions and collect the terms involving 8 to complete

a square. This yields the following,
~\/ ~ ~
7 (B lzmog L) exp| - (8-5) B (5-5)]

~ n ~ ~ n
where B! = <_21X,.’Q;‘X,-+B(;‘) , and B =B (_ZIX{QF] (zi — 1zmE —w;0) +Bg‘ﬁ0) ,
1= 1=

which is clearly the kernel of a normal distribution. Hence, the conditional posterior density is,

ﬁ ’Z7W7G§mc ~ N (ng>

- n ~ €))
where B~! = <2Xi’!2i_1Xi+Bal> , and B :B<

n
= ZIX{-QZ-_I (Zi—lnmﬁé—wie)JrB&]ﬁo) :
= =

1



Supplementary material 7

2.1.2 Conditional posterior density of z;

The conditional posterior density of the latent variable z, marginally of «, has the following expression,

3
=

t=1

7 (2| Broow, £ 02y) o {n[1<zif>o>1<y,-,—1>+1<zizso>1<yit—o>1}

X exp ! Zi—XiB— 1 —wi0) @7 (zi—Xif — 1zm —wi0)|.
2 i 1 1 i 1

The above expression is recognized as the kernel of a truncated multivariate normal (TMVN) distribu-
tion. Hence, we can write,

Zj ’ ﬁthCnguyi ~ TMVNB, (XIB_'_IszZC—*—Wlequ) Vi= 17 1,

where B; = (Bj1 X Biz X ... X Bi1;) and Bj; is the interval (0, ) if y;; = 1 and the interval (—eo, 0] if y; = 0.
Sampling directly from a TMV N is not possible, hence, as in Rahman and Vossmeyer (2019), we resort
to the method proposed in Geweke (1991, 2005), which utilizes Gibbs sampling to make draws from a
TMVN.

We apply the theorem on the conditional multivariate normal distribution (see Geweke (2005) p.171)?
on full conditional f (zj | zi—¢) = f (zi, | zit, ...,zi(,,l),z,'(,ﬂ),...,z,-rl.) which we denote as ¢ | —¢. This re-
sults in:

/ —
Zit X'B+m-C+Wiz9 > |:Ett 2t—t:|
~N(u,x), where u = i ! , and X = : : ,
(Zi7t> (1. %) # <(Xil3 + lT,m;C + Wie),t XX

where (X + 17m;{ +w;0)_, is a column vector with 7-th element removed. X, denotes the (¢,7)-th
element of €;, X, _; denotes the 7-th row of €; with element in the ¢-th column removed and X_; _; is
the €; matrix with -th row and ¢-th column removed. Then, the distribution of z;; conditional on z; _; is
normal with conditional mean and conditional variance equal to,

,uvtl_[ = x;tﬁ +m:c +Wlle +Zl,7lz:[17_[ (Zi,*l - (Xlﬁ + lT,m;C +Wle)7t> 9
2t|—t = Et,t - Et,—tE:zL;Z—t,z-

We can then construct a Markov chain which continuously draws from f(z; | zi ;) subject to the
bound (0,) if y; = 1 or (—oe,0] if y; = 0. This is done by sampling z; at the j-th pass of the MCMC
iteration using a series of conditional posterior distributions as follows:

g gl ain ~ TNy (-, ), for1=1,---. T, (10)

where TN denotes a truncated normal distribution. The terms y;|_, and X;_; are the conditional mean

. . . . !/
. _ . -1 -1
and variance defined above and z; _, at the j—th passis z] , = (Zl!l’""Zz!(tfl)’zt{(t+1)’ R ) )

2.2 Other conditional posterior densities

The derivations for the conditional posterior densities of ¢;, w;;, 62 and { remains unaltered as pre-
sented earlier from Section 1.2 to Section 1.5. For the sake of completion, we present the conditional

2 Let (") ~N(u,X) with u = (“X> and £ =
y Hy
with flyy =ty + L Zo! (x— ) and Zy o = Zyy — Zn Ei Zyye

Zx ny
Zyx Lyy

} , then the distribution of y conditional on x is normal N (fiy.., Zy.x)
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distributions below once more.
)

ai\57z,w,6§,§~N(a~,A> fori=1,---,n,

where A1 = (l’Tl_D*2 i7; —i—G(;z) , and 5:g<l’TiD72 (zi—Xip —w;0) —i—G(;zW;C) .

TV/Wi Wi
wir | B, 0,2y ~ GIG (%,71,,,1”7), fori=1,---,n, and t=1,--- T,

~ 2
where A; = (Z'irx?’rﬁfai) , and N = (g—j +2>.

oz la.s~1G(%.%),

where & = (n+c1), and dy =dy + ¥, (0 —mC) (05— ).
i=1

| a,08 ~ N <E,gg) ,

~ n ~ ~ n
where Zg_l = <G(;2 .Zlm,-m§+C0_1> , and{ = X¢ <G(;2 Elmio‘i/‘kco_lé,O) .
= =

(11)

(12)

(13)

(14)
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